We obtain an algebro-geometric proof of the surjectivity of the multiplication map of complete linear systems of ample divisor and nef divisor on a nonsingular projective toric surface. As a consequence, we show that on a nonsingular toric Fano 3-fold, the multiplication map of complete linear systems of the anti-canonical divisor and a nef divisor is surjective.
Introduction
Fakhruddin [1] showed that for an ample line bundle L and a globally generated, that is, generated by its global sections, line bundle E on a nonsingular toric surface, the multiplication map of their global sections ÀðLÞ ÀðEÞ ! ÀðL EÞ is surjective. We may ask how about on a singular toric surface, or more generally how about on a toric variety of higher dimension. For a help to answer these questions we give another proof of Theorem 1 in [1] in terms of algebraic geometry. [1] ) Let X be a nonsingular projective toric variety of dimension two. Let L be an ample line bundle on X and E a globally generated line bundle on X. Then the multiplication map ÀðLÞ ÀðEÞ À! ÀðL EÞ ð 1Þ is surjective.
Theorem 1. (Fakhruddin
Let T ¼ ðk Ã Þ n be an algebraic torus of dimension n defined over an algebraically closed field k. Let denote M ¼ Hom gr ðT; k Ã Þ the group of characters of T. Then we have M ¼ $ Z n and T ¼ Spec k½M. A normal algebraic variety X is called toric if it contains an algebraic torus T as a dense open subset, together with an algebraic action T Â X ! X that extends the natural action of T on itself.
Let O X ðDÞ be a line bundle on X defined by a Cartier divisor D. If O X ðDÞ is globally generated, then there is a convex polytope P D ¼ Convfm 1 ; . . . ; m r g in M R ¼ $ R n with some m i 2 M such that
where eðmÞ denotes the character of T corresponding to m 2 M (see, for instance, Lemma 2.3 [8] or Section 3.5 [3] ).
We also know that a line bundle on a complete toric variety is nef if and only if it is generated by its global sections (see, for instance, Theorem 3.1 [6] ). If D 1 and D 2 are nef divisors on a toric variety X, then the convex polytope corresponding to D 1 þ D 2 coincides with the Minkowski sum P D 1 þ P D 2 ¼ fx 1 þ x 2 : x i 2 P D i ði ¼ 1; 2Þg. Moreover, the surjectivity of the multiplication map ÀðO X ðD 1 ÞÞ ÀðO X ðD 2 ÞÞ À! ÀðO X ðD 1 þ D 2 ÞÞ is equivalent to the equality
If D is an ample divisor, then dimðP D Þ ¼ dim X. Conversely, any convex polytope P in M R with dim P ¼ rankM defines a polarized toric variety ðX; DÞ with dim X ¼ dim P so that the set of global sections of O X ðDÞ is a vector space with feðmÞ : m 2 P \ Mg as a basis.
If L is a globally generated line bundle on a toric variety X, then there exist a surjective morphism : X ! Y onto a toric variety and an ample line bundle A on Y such that L ¼ Ã A. When you try to prove the surjectivity of the multiplication map (1) in terms of convex polytopes, first you take a polytope corresponding to an ample divisor, which is characterized by X, and next you may face a difficulty in deciding which polytope corresponds to a nef divisor. In fact, it is very difficult to do it from the data of the convex polytope corresponding to an ample divisor. In general, there is neither inclusions nor similarities among convex polytopes corresponding nef divisors on X. Fakhruddin [1] succeeded it in the case that X is a nonsingular toric surface. We cannot seem to deal with the case that X is a singular toric variety.
Note that the surjectivity of the map (1) does not depend on a choice of a field k as explained above. In this paper, we set k ¼ C.
If X is a nonsingular toric variety, then PicðXÞ ¼ $ H 2 ðX; ZÞ and the group of algebraic 1-cycles Z 1 ðXÞ ¼ $ H 2 ðX; ZÞ. They are dual to each other by the natural pairing H 2 ðX; ZÞ Â H 2 ðX; ZÞ ! Z. Let NEðXÞ be the convex cone generated by effective 1-cycles in H 2 ðX; RÞ and the dual cone PAðXÞ, called nef cone, in H 2 ðX; RÞ. By definition, a line bundle L on X is nef if and only if the class ½L is contained in PAðXÞ. Thus we have only to show the surjectivity of the map (1) for a line bundle E with ½E 2 PAðXÞ \ PicðXÞ. Now we happen to face another difficulty in choosing a good Cartier divisor D with E ¼ $ O X ðDÞ. In this paper we really choose a suitable divisor D such that we can easily show the surjectivity of the map (1) .
As a consequence of our procedure, we obtain the following theorems.
Theorem 2. Let X be a nonsingular toric Fano variety of dimension three. Then for a globally generated line bundle E on X, the multiplication map
Theorem 3. Let X be a nonsingular projective toric variety of dimension three with the nef anti-canonical divisor ÀK X . Then for an ample line bundle A on X, the multiplication map
We may employ the same procedure in the simplicial NEðXÞ case for a nonsingular toric variety X of higher dimension. We will treat the case in the other paper.
Projective Toric Varieties

Basic concepts
In this section we recall the fact about toric varieties needed in this paper following Oda's book [8] , or Fulton's book [3] . In this paper all varieties will be defined over the complex number field C.
Let N be a free Z-module of rank n, M its dual and h;i : M Â N ! Z the canonical pairing. By scalar extension to the field R of real numbers, we have real vector spaces N R :¼ N Z R and M R :¼ M Z R. We denote the same h;i as the pairing of M R and N R defined by scalar extension. Let T N :¼ N Z C Ã ¼ $ ðC Ã Þ n be the algebraic torus over the field C of complex numbers, where C Ã is the multiplicative group of C. Then M ¼ Hom gr ðT N ; C Ã Þ is the character group of T N and T N ¼ Spec C½M. For m 2 M we denote eðmÞ as the character of T N . Let Á be a finite complete fan in N consisting of strongly convex rational polyhedral cones in N R , that is, with a finite number of elements v 1 ; . . . ; v s in N we can write as
and it satisfies that \ fÀg ¼ f0g. Then we have a complete toric variety X ¼ T N embðÁÞ :¼ [ 2Á U of dimension n (see Section 1.2 [8] , or Section 1.4 [3] ). Here U ¼ Spec C½ _ \ M and _ :¼ fy 2 M R ; hy; xi ! 0 for all x 2 g is the dual cone of . For the origin f0g 2 Á, the affine open set U f0g ¼ Spec C½M is the unique dense T N -orbit. We note that a toric variety is always normal.
If jÁj :¼ [ 2Á ¼ N R , then the variety X is complete. Set ÁðsÞ :¼ f 2 Á; dim ¼ sg. Then 2 ÁðsÞ corresponds to the T N -orbit Spec C½ ? \ M and its closure VðÞ, which is also a T N -invariant subvariety of dimension n À s. Hence Áð1Þ corresponds to T N -invariant irreducible divisors. If for any cone 2 Á there exist a part of Z-basis v 1 ; . . . ; v s in N such that
then the toric variety X is nonsingular.
Ample cone
Let PicðXÞ be the group of all invertible sheaves modulo isomorphism. The map D 7 !O X ðDÞ gives a homomorphism from the group of Cartier divisors onto PicðXÞ. Let A nÀ1 ðXÞ denote the group of all Weil divisors modulo a subgroup of divisors ½divð f Þ of rational functions. The map D 7 !½D determines an injective homomorphism PicðXÞ ,! A nÀ1 ðXÞ:
Since X is toric, any m 2 M determines a principal Cartier divisor divðeðmÞÞ, which gives a homomorphism from M to the group DivðXÞ of T N -invariant Cartier divisors. Let fD 1 ; . . . ; D d g be the set of all T N -invariant irreducible divisors. Then we have a commutative diagram with exact rows (see Section 3.4 [3] ):
If X is nonsingular, then the two rows in (2) coincide.
In the following we assume that the toric variety X is nonsingular. Let Z 1 ðXÞ be the group of algebraic 1-cycles on X. Then there is an intersection pairing between the line bundles and the 1-cycles,
induced from the natural pairing
L 2 PicðXÞ is said to be numerically equivalent to zero
Similarly, z 2 Z 1 ðXÞ is said to be numerically equivalent to zero
Since X is rational in our case, we have
RÞ. Let NEðXÞ denote the convex cone generated by effective 1-cycles in N 1 ðXÞ, and NEðXÞ the closure of NEðXÞ in N 1 ðXÞ.
The closed cone in N 1 ðXÞ Ã ¼ PicðXÞ R dual to NEðXÞ coincides with the pseudo-ample cone PAðXÞ, which is also called the nef cone. Namely, 2 N 1 ðXÞ Ã belongs to PAðXÞ (or, is said to be nef ) if and only if ð Á ½CÞ ! 0 holds for every closed 1-dimensional irreducible subvariety C. By the Kleiman's criterion any integral point contained in the interior of PAðXÞ corresponds to an ample line bundle. In our case X is toric, hence, we know more about NEðXÞ. Proposition 1. (Reid [9] ) For any nonsingular projective toric variety X ¼ T N embðÁÞ of dimension n, there exist 1 ; . . . ; s 2 Áðn À 1Þ such that
Since our NEðXÞ is a convex polyhedral cone, the dual cone PAðXÞ is also a convex polyhedral cone. Now we assume dim X ¼ 2. Let Z 
. We note that H posseses the intersection pairing ðÁÞ. In this paper we also assume that X is a nonsingular projective toric variety of dimension two. From the classification Theorem 1.28 in [8] , X is obtained by successive equivariant blowing-ups from minimal ones, i.e., the projective plane P 2 or the Hirzebruch surface F a :¼ PðO P 1 È O P 1 ðaÞÞ. If X is isomorphic to P 2 , then the statement of the Theorem is trivial. Since F 1 is obtained by blowing-up a point from P 2 , we may assume that X is obtained from the Hirzebruch surface F a with a ! 0. F a is defined by the fan
The cones of dimension one R !0 ð1; 0Þ and R !0 ðÀ1; aÞ correspond to the linearly equivalent fibers F of F a . The half line R !0 ð0; 1Þ corresponds to the nonpositive section D 1 , that is, ðD 2 1 Þ ¼ Àa. The toric surface obtained by blowing-up a point from F a is defined by the fan obtained by the barycentric refinement of the corresponding cone of dimension two in Á. Thus general nonsingular toric surface is defined by the fan obtained by a refinement of Á.
We will give a proof of the Theorem by dividing it into several cases.
Case I: Simplicial NEðXÞ
First we treat the case when X is obtained by blow-ups centered at T N -invariant infinitely near points of one of the T N -invariant point on the nonpositive section. Set N ¼ Z 2 . Consider the fan Á in N:
Here we set l ¼ d À 3, and we use the same letters A i to the cones of dimension one in Á and the corresponding T Ninvariant curves. For example, F ¼ R !0 ð1; 0Þ ¼ VðR !0 ð1; 0ÞÞ. By definition we have the self-intersection numbers as 
and
Let fe 1 ; . . . ; e lþ1 g be the dual basis to f½A 1 ; . . . ; ½A lþ1 g in H with respect to the pairing ðÁÞ. Then we have
This implies that PAðXÞ \ H is generated by fe 1 ; . . . ; e lþ1 g as a semi-group and that any nef line bundle is a linear combination of e 1 ; . . . ; e lþ1 with non-negative coefficients in PicðXÞ. We have to show that for every ample line bundle L on X, the multiplication map Proof. Since ðD
0 Þ is generated by its global sections. Thus we have a section s 2 ÀðO X ðD 0 ÞÞ with ðsÞ 0 ¼ D 0 . This section defines an exact sequence
we have H 1 ðX; LðÀD 0 ÞÞ ¼ 0 from Norimatsu's vanishing theorem [7] . We have a commutative diagram
where ¼ id s and ¼ s : ÀðLÞ ! ÀðLðD 0 ÞÞ. If we could prove the surjectivity of , we see that is surjective.
We have an exact sequence 
we obtain an expression of fe 1 ; . . . ; e lþ1 g.
Proof. It can be checked from the definition. Ã
Proof. Lemma 1 shows that the map is surjective for e 1 .
Since
Since O X ðe i Þ is nef, H 1 ðO X ðe i ÞÞ ¼ 0, hence we have an exact sequence
We note that ÀðO
Norimatsu's vanishing theorem [7] we have
Thus we see that the restriction map ÀðLÞ ! ÀðL A 1 þÁÁÁþA i Þ is surjective. By the induction on i we obtain the proof. Ã 
ÞÞ, which vanishes from Corollary 2.5 [6] . Ã Theorem 4. Let X be a nonsingular projective toric surface with a simplicial cone NEðXÞ. For an ample line bundle L and a nef line bundle E on X, the multiplication map
Proof. Since the class ½E is a linear combination of e 1 ; . . . ; e lþ1 with non-negative coefficients in PicðXÞ from the expression (6), it is enough to prove in the case when ½E ¼ e i .
In the case when
Consider the case when a 1 ! 1; a j ! 2 for j ¼ 2; . . . ; i À 1 and a i ¼ 1 with 2 i l À 1. Then we have an expression as
By the induction on j, we can show that the map ÀðLÞ ÀðO X ðe j ÞÞ À! ÀðLðe j ÞÞ is surjective for j ¼ 1; . . . ; i þ 1 by using the expression (7) instead of Lemma 2 as in the proof of Corollary 1. Unfortunately, we cannot apply this argument for j ! i þ 2 because we have a negative coefficient a i À 2 ¼ À1 in the expression (7). Now we note that A i is an exceptional curve of the first kind. Thus we have a contraction morphism i : X ! X i of A i to a nonsingular toric surface X i . Let Á i be the fan in N obtained by deleting A i from Á. Then X i ¼ T N embðÁ i Þ and each A j is the strict transform of " A j A j in X i . And we see that
Let f " e e 1 ; . . . ; " e e lþ1 g be the dual basis of PicðX i Þ. Then we have e j ¼ Ã i ð " e e j Þ for j 6 ¼ i and
From this we see that every ample line bundle L on X is isomorphic to
and a positive integer k. Thus we have a commutative diagram
Now we assume that the statement of Theorem holds for X i . Then we see that the map Àð
e e j ÞÞ O X ðe i Þ is ample on X, we see that the right-hand vertical arrow in (8) is surjective from the first part of this proof. Hence if we assume that the statement of Theorem holds for X i , then we see that the multiplication map ÀðO X ðe j ÞÞ ÀðLÞ ! ÀðLðe j ÞÞ is surjective for j ! i þ 2 from the commutative diagram (8) . By the induction on the number of the exceptional curves A i of the first kind with 2 i l À 1, we obtain a proof from the diagram (8) . Ã
Case II: ðd À 1Þ-gonal NEðXÞ
On the T N -invariant negative section of the Hirzebruch surface F a there are two T N -invariant points. Next we treat the case when X is obtained by blowing-ups at infinitely near points of these two points. The fan Á in N is of the form like this:
We also have a linear equivalence relation
for some positive integers i and j . Since X is nonsingular, 1 ¼ 1. In the same way as in Section 3, we see
On the other hand, about the cone NEðXÞ we can say only
Let fe 1 ; . . . ; e lþ1 ; f 1 ; . . . ; f m g be the dual basis to f½A 1 ; . . . ; ½A lþ1 ; ½B 1 ; . . . ; ½B m g in H with respect to the pairing ðÁÞ.
Elementary case
If we restrict ourselves to the case when j ¼ 1 for j ¼ 1; . . . ; m in the Eq. (9), that is, the case when b m ¼ 1 and
Proof. Easy. Ã Let E be a nef line bundle on X. Then we may write in PAðXÞ as
for some non-negative integers
From this observation we have the following.
In particular, in this case the multiplication map À ðLÞ À ðEÞ ! À ðL EÞ is surjective for every ample line bundle L and nef line bundle E.
Proof. We note that the proposition is the case when i ¼ j ¼ 1 for all i and j. Thus fe i ; e i þ f j ; i ¼ 1; . . . ; l þ 1; j ¼ 1; . . . ; mg generates the semi-group PAðXÞ \ H by the inequality (14). The surjectivity of the multiplication map follows from Lemma 4 by using the same argument in the proof of Corollary 1. Ã
As the next step we consider the case when j ¼ 1 for all j but i general. For non-negative integers y ðiÞ j with i ¼ P m j¼1 y ðiÞ j , the element e i þ P j y ðiÞ j f j is contained in PAðXÞ by (14).
and that 2 ¼ a 1 ,
for 3 i k.
Proof. It is easily shown by using the equalities 1 ¼ 1; 2 ¼ a 1 and iþ1 þ iÀ1 ¼ a i i for 2 i l: is surjective for every ample line bundle L and nef line bundle E.
Thus we can easily find a generator of the semi-group PAðXÞ \ H as in the statement from the inequality (14).
From this expression we see that the map (16) (7) and (15) for e i and i . We may write as
Take the set of non-negative integers y 
By the induction on i we prove that the map (16) is surjective for ½E ¼ e i þ P j y ðiÞ j f j ð1 i kÞ with P j y ðiÞ j i . Next we have to consider the case ½E ¼ e i ; e i þ P j y ðiÞ j f j with P j y
we have a contraction morphism k : X ! X k . Here the fan Á k in N obtained by deleting A k from Á defimes the toric surface X k ¼ T N embðÁ k Þ. Then A i ði 6 ¼ kÞ and B j are the strict transforms of the T N -invariant curves "
A A i and " B B j on X k , and we have
Let f " e e i ; " f f j ; i 6 ¼ kg be the dual basis to f "
From the above argument and from
L L is ample on X k and that B is nef with the form as a sum of several e k þ P j y j f j with P j y j k . If we assume that the statement of the proposition holds for X k , then the composite of the multiplication maps Àð 
General case
As the second step, we consider the case when i ¼ 1 for i ¼ 1; . . . ; l and arbitrary j in the Eq. (9), that is, the case when a 1 ¼ a l ¼ 1 and a i ¼ 2 for i ¼ 2; . . . ; l À 1. In this case the semi-group PAðXÞ \ H is generated by e i 's and P i x ð jÞ i e i þ f j for all non-negative integers x ð jÞ i with
for 3 j k. Moreover, we have
for 3 j k.
Proof. We can easily check by definition and by using the equalities Proof. We can prove by using the same argument of the proof of Proposition 3 from Lemmas 2 and 6. Ã
As the final step in the Section 4, we consider the case when i 's and j 's in the Eq. (9) are arbitrary.
Lemma 7.
Assume that a 1 ! 1; a 2 ! 2; . . . ; a kÀ1 ! 2; a k ¼ 1 for 2 k l À 1. Let L be an ample line bundle and E a nef line bundle on X. Then the multiplication map
is surjective for 1 s k À 1. Moreover, if we let k : X ! X k be the blowing-down of A k to a point, then the map
L L is an ample line bundle on X k .
Proof. If ½E ¼ P s i¼1 x i e i , then the map (18) is surjective since the multiplication map ÀðLÞ ÀðEÞ ! ÀðL EÞ is surjective and since
" E E with a nef bundle " E E on X k , the latter half of the statement also holds.
If ½E ¼ P i x i e i þ P j y j f j , choose a nef bundle F with ½F ¼ P s i¼1 x i e i . Then we have E A 1 þÁÁÁþA s ¼ $ F A 1 þÁÁÁþA s . Thus we obtain a proof. Ã Theorem 5. Let X be a nonsingular projective toric surface obtained by a succession of T N -equivariant blowing-ups from the Hirzebruch surface F a centered at infinitely near points of two T N -nvariant points on the negative section. For an ample line bundle L and a nef line bundle E on X, then, the multiplication map À ðLÞ À ðEÞ À! À ðL EÞ is surjective.
Proof. Set ½E ¼ P i x i e i þ P j y j f j in PicðXÞ. Since E is nef, we have x i ! 0; y j ! 0 and
For X satisfying the condition that all i ¼ 1 or all j ¼ 1, we see that the statement holds from Propositions 3 and 4.
Assume that a 1 ! 1; a 2 ! 2; . . . ; a kÀ1 ! 2; a k ¼ 1 for 2 k l À 1. Let k : X ! X k be the blowing-down of A k to a point. If we assume that the statement holds for X k , then the multiplication map ÀðLÞ ÀðEÞ ! ÀðL EÞ is surjective for E ¼ $
Þ from the expressions (7) and (15). Thus we have the surjectivity of the multiplication map in this case. When x k ! 2, we have
By the induction on x k we see that the map is surjective for arbitrary nef E and
Þ from the expressions (7) and (15). Thus we have the surjectivity of the multiplication map in this case by using Lemmas 3 and 7. By the same way we see that the map is surjective for ample L and nef E if we assume the theorem holds for X k . By the induction on the number of the exceptional curves A k of the first kind with 2 k l À 1, we have a proof. Ã
Case III: General NEðXÞ
A nonsingular projective toric surface X is in general given by a fan Á in N of the form like this up to isomorphisms of N:
. . . ; n. We also have linear equivalence relations
for some positive integers i ;
In the same way as in Section 4, we see
Let fe 1 ; . . . ; e lþ1 ; f 1 ; . . . ; f m ; g 1 ; . . . ; g n g be the dual basis to f½A 1 ; . . . ; ½A lþ1 ; ½B 1 ; . . . ; ½B m ; ½C 1 ; . . . ; ½C n g in H with respect to the pairing ðÁÞ. Let E be a nef line bundle on X with an expression
in PicðXÞ. Then x i ; y j ; z k ! 0 and
From these inequalities we see that e i 's are nef for i ¼ 1; . . . ; l þ 1. First we consider the case when n ¼ 1, that is,
Hence, for ample L and nef E with ½E ¼ e i , the multiplication map À ðLÞ À ðEÞ ! À ðL EÞ is surjective.
Proof. The expression is given by a direct calculation. When a 1 ¼ Á Á Á ¼ a lÀ1 ¼ 2 and a l ¼ 1 the surjectivity of the multiplication map is obtained by the induction on i. When a 1 ! 2; . . . ; a sÀ1 ! 2; a s ¼ 1 for 2 s l, we may consider the blow-down s : X ! X s of the exceptional curve A s of the first kind. From the expression of e i , we see that the multiplication map is surjective for i s þ 1 and that the surjectivity also holds for
L L on X s and for i s by using Lemma 3. If we assume that the statement holds on X s , then we see that the surjectivity holds for
Þ from our expression. Thus we have the surjectivity of the multiplication map in this case. By the induction on s , we have the surjectivity of the multiplication map if we assume that the surjectivity holds on X s . Thus we have a proof of the proposition as in the proof of Theorem 5. Ã
In the case when j ¼ 1 for all j, that is, the case when
we also have generators of nef line bundles in PicðXÞ. Proof. It follows from the inequalities (23) and (24) because all j ¼ 1,
we have an expression
The situation is very similar in the Subsection 4.1. From this expression we can show the surjectivity of the multiplication map as in the proof of Proposition 3. Proof. Note that
We treated the case when n ¼ 1 and j ¼ 1 for all j in Lemma 9.
As the first step, we assume that n ¼ 1 and
is an exceptional curve of the first kind. Let s : X ! X s be the blowing-down of B s . We assume that the statement holds for X s . Then the multiplication map ÀðLÞ ÀðEÞ ! ÀðL EÞ is surjective for
Þ from the expression (17). Here E 0 has non-negative coefficients in the expression (22) and y s ¼ 0. Moreover, we have
Þ from (17) such that E 0 has non-negative coefficients in (22) and y s ¼ 0, and
This contradicts to y s 6 ¼ 0. Thus we have ðE Á FÞ ! 1 or ðE Á D 0 Þ ! 1. From this expression we see that the map ÀðLÞ ÀðEÞ ! ÀðL EÞ is surjective for this E with y s ¼ 1 and
L L on X s from the same reason as above. By the induction on s , we see that the statement holds in this case.
As the second step, we consider the case when n ! 2 and c 1 ! 2; . . . ; c tÀ1 ! 2; c t ¼ 1 for 2 t n. In general, we have an expression
and for k ! 3
Since C t is an exceptional curve of the first kind, i.e., ðC 2 t Þ ¼ À1, we have the contraction morphism t : X ! X t blowing down C t . We assume that the statement holds for X t . If a nef bundle E is isomorphic to
L L on X t , hence, the multiplication map is surjective. By the induction on z t , we see that the multiplication map of ÀðLÞ and ÀðEÞ is surjective for arbitrary nef E and
For an ample L on X, we can also show the surjectivity of the multiplication map by using the same argument as in the first step. Ã
We may restate this as the following. Proof. If we rename F and B 1 in Proposition 5 as D 0 and F, then we have the corollary. Ã Next we consider the case when n ! 2.
Lemma 10. Set n ! 2 and t ¼ minfk :
L L on X t , then, the multiplication map À ðLÞ À ðEÞ À! À ðL EÞ is surjective for a nef line bundle E on X.
Proof. We will show by the induction on the number of ðÀ1Þ-curves in B j and C k . When n ¼ 1 and b 1 ! 2; . . . ; b mÀ1 ! 2; b m ¼ 1, the statement holds from Proposition 5. If E has the coefficient z t ¼ 0 in the expression (22), then E ¼ $ Ã t " E E with nef " E E on X t , hence the multiplication map is surjective. Set s ¼ minf j : ðB 
E E on X t from the expressions (17) and (25), hence the multiplication map is surjective. If
0 such that E 0 is a nef bundle on X s , where s : X ! X s is the contraction morphism of B s . By the assumption of the induction, the statement holds for X s . If L has the coefficient s ¼ 1 of f s in PicðXÞ, then we have
by the induction on s we have the surjectivity for E with z 1 ¼ 1. By the induction on z 1 we have the surjectivity of the multiplication map.
Next we consider the case when n ! 2. Set u ¼ minfk : ð " C C 2 k Þ ¼ À1g on X t . Let u : X t ! X tu denote the contraction morphism of " C C u . We write ¼ u t : X ! X tu . We will show that the multiplication map is surjective for
If we consider L and E on X t , then we have already shown it above. Consider the case when m ¼ 0. In this case we note that if z t > 0, then ðE Á FÞ ! 1. Hence if z t ¼ 1, then we have
E EÞ is surjective from the above. Consequently, the multiplication map of ÀðLÞ and ÀðEÞ is surjective for nef E with z t ¼ 1. By the induction on z t we have the surjectivity when m ¼ 0.
Þ with nef " E E on X t from the expressions (17) and (25), hence the multiplication map is surjective. If
is the pull back of an ample line bundle by the contraction morphism "
: X s ! Y s of " C C t and " C C u . By the assumption of the induction, the surjectivity holds for X s , that is, the multiplication map of ÀðL 0 Þ and ÀðE 0 Þ is surjective. Thus we have the surjectivity of ÀðLÞ ÀðEÞ ! ÀðL EÞ for E with z t ¼ 1. By the induction on z t we have a proof of the surjectivity of the multiplication map of Àð Ã " L LÞ and ÀðEÞ when n ¼ 2. From this we have the surjrctivity of the multiplication map for
L L on X t : As the same procedure, if z t ¼ 1 and y s > 0, then we have 
For n ! 3, we can use the induction on the number of ðÀ1Þ-curves of B l and C k to prove the surjectivity for
From this lemma we have the main Theorem. Proof. Set N ¼ Z 2 . Let Á be a nonsingular complete fan in N such that X ¼ T N embðÁÞ. Since relatively minimal model of X is the projective plane P 2 or the Hirzebruch surface
, we have an equivariant surjective morphism : X ! F a of toric varieties unless X ¼ $ P 2 . We may assume X 6 ¼ $ P 2 . Then we have the vertical line in the figure of Á in N corresponding the strict transform of a generic fiber of F a . Set the lower part of the line D 0 and one of adjacent edges F. Since X is nonsingular, we can take the edge F as horizontal. Thus we may assume that Á is given as the figure in this section.
Proposition 5, or equivalently Corollary 2, proves the case when n ¼ 1 in the relations (19) and (20). When n ! 2, Lemma 10 says that the multiplication map ÀðLÞ ÀðEÞ ! ÀðL EÞ is surjective for any nef line bundle E on X and
L L on X t . From Lemma 10, we have the surjectivity.
L L is the pull back of an ample line bundle on X st . If E has the coefficient y s ¼ 0 in the expression (22), then we have E ¼ $ Ã s E 0 with nef E 0 on X s . Then we have the surjectivity by applying Lemma 10 for X s . If E has the coefficient z t ¼ 0, then we have E ¼ $ Ã t " E E with nef " E E on X t . We have again the surjectivity from Lemma 10 by exchanging the role of B j and C k . If y s ¼ 1 and 
An Application
A nonsingular projective variety Y is called Fano if the anti-canonical divisor ÀK Y is ample. We can easily show that the anti-canonical bundle on a nonsingular toric Fano 3-fold X is normally generated, that is, the multiplication map
Since an ample line bundle on a nonsingular toric variety is very ample, L hence K C is very ample. In other words, C is not hyperelliptic. By Noether's theorem K C ¼ L C is normally generated. By Fujita's ladder theorem [2] we see that L ¼ O X ðÀK X Þ is normally generated.
Here we know more.
Proposition 6. Let X be a nonsingular toric Fano 3-fold and B a nef line bundle on X. Then the multiplication map À ðBÞ À ðOðÀK X ÞÞ À! À ðB O X ðÀK X ÞÞ ð26Þ is surjective.
Proof. Let D ¼ P i D i be the divisor consisting of all T N -invariant irreducible divisor on X. Then O X ðDÞ ¼ $ O X ðÀK X Þ. Since D is ample, the bundle BðDÞ is also ample. Hence it corresponds to an integral convex polytope P of dimension three in M R ¼ $ R 3 such that
where eðmÞ denote the character of the algebraic torus T N corresponding to m in M ¼ Hom gr ðT N ; C Ã Þ. The restriction BðDÞ D i corresponds to a face F i & P of dimension two.
Since the vector space ÀðBðD þ K X ÞÞ ¼ $ ÀðBÞ has a basis consisting of feðmÞ; m 2 IntðPÞ \ Mg, the space of the global sections ÀðD; BðDÞÞ is parametrized by the lattice points in the boundary of P. A boundary lattice point m in @P \ M is contained in a face F i of P. In other words, eðmÞ 2 ÀðD; BðDÞ D Þ is contained in ÀðD i ; BðDÞ D i Þ for some D i . Since B is globally generated, the restriction B D i is also globally generated. is surjective. We need a lemma.
Lemma 11. Let B be a globally generated line bundle on a projective toric variety X. Let D 0 be an irreducible T Ninvariant divisor on X. Then we have We claim that H j ðY; A I E Þ ¼ 0 for j ! 1: Since H j ðY; AÞ ¼ H j ðE; A E Þ ¼ 0 for j ! 1, it is enough to show the surjectivity of the restriction map ÀðY; AÞ ! ÀðE; A E Þ. If E is a divisor of Y, then it is obvious because if the polarized toric variety ðY; AÞ corresponds to an integral convex polytope Q, whose lattice points form a basis of ÀðY; AÞ, then the polarized toric variety ðE; A E Þ corresponds to a face of Q, whose lattice points also form a basis of ÀðE; A E Þ. If not, take an irreducible divisor E 0 on Y containing E. Then we can factor the restriction map as ÀðY; AÞ ! ÀðE 0 ; A E 0 Þ ! ÀðE; A E Þ:
We know that the restriction map in the left hand side is surjective. By induction on the codimension of E in Y we can verify the claim. Proposition 7. Let X be a nonsingular projective toric 3-fold. Assume that a reduced T-invariant divisor D ¼ P i D i is nef, in particular, when the anti-canonical divisor D ¼ ÀK X is nef. Then for any ample line bundle A on X, the multiplication map À ðAÞ À ðO X ðDÞÞ ! À ðA O X ðDÞÞ is surjective.
